A monotone, upper semicontinuous decomposition of a compact, Hausdorff continuum is admissible if the layers (tranches) of the irreducible subcontinua of M are contained in the elements of the decomposition. It is proved that the quotient space of an admissible decomposition is hereditarily arcwise connected and that every continuum M has a unique, minimal admissible decomposition <£. For hereditarily unicoherent continua & is also the unique, minimal decomposition with respect to the property of having an arcwise connected quotient space. A second monotone, upper semicontinuous decomposition § is constructed for hereditarily unicoherent continua that is the unique minimal decomposition with respect to having a semiaposyndetic quotient space. Then & refines § and S refines the unique, minimal decomposition £ of FitzGerald and Swingle with respect to the property of having a locally connected quotient space (for hereditarily unicoherent continua).
Abstract.
A monotone, upper semicontinuous decomposition of a compact, Hausdorff continuum is admissible if the layers (tranches) of the irreducible subcontinua of M are contained in the elements of the decomposition. It is proved that the quotient space of an admissible decomposition is hereditarily arcwise connected and that every continuum M has a unique, minimal admissible decomposition <£. For hereditarily unicoherent continua & is also the unique, minimal decomposition with respect to the property of having an arcwise connected quotient space. A second monotone, upper semicontinuous decomposition § is constructed for hereditarily unicoherent continua that is the unique minimal decomposition with respect to having a semiaposyndetic quotient space. Then & refines § and S refines the unique, minimal decomposition £ of FitzGerald and Swingle with respect to the property of having a locally connected quotient space (for hereditarily unicoherent continua).
For a compact, Hausdorff continuum M, FitzGerald and Swingle [4, p. 37] have obtained a unique monotone, upper semicontinuous decomposition £ whose quotient space (M, £) is semilocally connected and which is minimal with respect to these properties. A second description of this decomposition using collections of closed subsets which separate M is given by them in [4, p. 49] and by McAuley in [9, p. 2] . For a compact, metric continuum M, Charatonik has defined a decomposition to be admissible if it is monotone, upper semicontinuous and the layers of the irreducible subcontinua of M are contained in the elements of the decomposition [2, pp. 115-116] . He then proves in the same paper that the quotient space of an admissible decomposition of a continuum M is hereditarily arcwise connected and that every continuum has a unique, minimal admissible decomposition &. One purpose of this paper is to extend Charatonik's results to compact, Hausdorff continua.
A second purpose pertains to the class of hereditarily unicoherent, Hausdorff continua. It is easily seen with simple examples that in general the two decompositions mentioned above are not comparable, i.e., neither refines the other. However, if the continuum M is hereditarily unicoherent then & refines £ (61 g £) since the semilocally connected quotient space (M, £) must then be arcwise connected. In this paper a third decomposition S is constructed which is the unique minimal decomposition with respect to being monotone, upper semicontinuous and having a semiaposyndetic quotient space. The construction involves a collection of closed subsets of M that separate M and satisfies a condition used in [4, p. 49 ]. It will then be the case that & á § Si £ where none of these refinements can be reversed.
In a compact, Hausdorff continuum an arc (sometimes called a generalized arc) is a subcontinuum with exactly two nonseparating points. If M is an irreducible continuum Gordh has proved [6, pp. 648-649] that M has a unique minimal monotone, upper semicontinuous decomposition 3D such that the quotient space is either degenerate or an arc. Proof. To show (Af,/?) is hereditarily arcwise connected, it is clear that it suffices to show that every nondegenerate, irreducible subcontinuum of iM,ß) is an arc. Let N he an irreducible subcontinuum of iM,ß) between a and b, a # b. Take x, y G N, x ¥= y, and let us show that x does not cut y from [a, b). Then by Theorem 2, N will be an arc. Let/be the quotient map of M onto (M,ß) and consider the continuum /~ (TV). Let T be an irreducible subcontinuum of/"'(TV) fromf~x(y) to f~x(b). If /"'(x) D T = 0 then x £ /(T), ¡)j£ /(T7) and x does not cut y from {a, ¿V} (we are assuming here that neither x nor y is a or b; if x or^ is one of the points a or b the argument will be clear from what follows). Assume f~x(x) (1 T ^ 0. Because ß is admissible the layers of T lie in the elements of (/_1(i)|i G (M,ß)}. Also T is irreducible from f~x(y) to/_'(¿>) and it follows that Thas a subcontinuum T such that T n /_1(x) # 0 # T n /~'(¿>) and F n /"'(>>) = 0-Let S be an irreducible subcontinuum of f~xiN) from /~'(a) to /_'(x).
If S n f~X(y) = 0 then/(S) U /(7") is a subcontinuum of TV containing a and 6 but not_>> contradicting the irreducibility of N. So S n /~'(.y) ^ 0 and by the same reasoning as above there exists a subcontinuum S' of 5 such that S' n /"'GO # 0 9* 5' n f~l(a) while 5' n f~l(x) = 0 Then a,>> G fiS') but x g fiS') and x does not cut y from {a, 6} thus completing the proof. Finally let §' he any monotone decomposition of M such that (A/, §') is semiaposyndetic and we will show that g £= f. From the semiaposyndesis of (A/, g') it follows that (A/, g') is a Hausdorff space and this implies that g' is upper semicontinuous. Take G G g', x G M -G and let a = /(G ), 6 = /(x) where /is the quotient map of M onto (A/, g')-Because (A/, S') is semiaposyndetic we can assume that there exist an open set W and continuum H of
C M -{x}. Hence x G KÍG) and thus x g ZÍG) which shows that the elements of g' are Z-closed. Since §' is upper semicontinuous with Zclosed elements and g is the unique minimal such decomposition, it must be that g S g'. It follows that fx(k) separates G from G' so f~x(k) separates two points of Sx. This contradicts the definition of Sx since/-1 (k) belongs to K and therefore to K.
Denote by Sc the set of all components of members of S. Clearly Sc g § 2= S and the proof will be complete by showing that § S Sc, which implies that S = 8. To prove this we will show that %c is upper semicontinuous with Z-closed elements. Because § is minimal with respect to these properties it will then follow that Q á Sc. Clearly Sc is upper semicontinuous since S is. Take Proof. For a hereditarily unicoherent continuum A7, Charatonik has shown [3, Theorem 5] that if M has a monotone, upper semicontinuous decomposition with an arcwise connected quotient space then the decomposition is admissible. His proof, although given for metric continua, extends easily to the Hausdorff setting. Thus for hereditarily unicoherent continua the unique minimal admissible decomposition & of Theorem 1 can alternately be described as the unique, minimal monotone, upper semicontinuous decomposition whose quotient space is hereditarily arcwise connected. In Theorem 5 the decomposition g is shown to be unique and minimal with respect to the properties of being monotone, upper semicontinuous and having a semiaposyndetic quotient space. But Gordh [5, Theorem 2.3 ] has proved that a semiaposyndetic, hereditarily unicoherent continuum is arcwise connected. So it follows from this that & ^ §. Now recall from the introduction that £ is the unique, minimal, upper semicontinuous decomposition of a continuum such that the quotient space is semilocally connected. But a hereditarily unicoherent, semilocally connected continuum is locally connected, so for hereditarily unicoherent continua, £ can be described as unique and minimal with respect to the properties of being monotone, upper semicontinuous and having a locally connected quotient space. Hence & ë g á £.
It is easily seen with simple examples that these refinements cannot be reversed. Also by forming a continuum that includes a sin(l/x) curve and its limit bar, a simple fan, the union of two simple fans in "opposite" directions with a common limit interval, it is instructive to see how the successive application of these three decompositions to this continuum continually "improves" the quotient space.
